The recent experimental results on neutrino oscillation and on muonium-antimuonium conversion require extension of the minimal 3-3-1 model. We review the constraints imposed to the model by those measurements and suggest a pattern of leptonic mixing, with charged leptons in a non-diagonal basis, which accounts for the neutrino physics and circumvents the tight muonium-antimuonium bounds on the model. We also illustrate a scenario where this pattern could be realized.
Introduction
The minimal 3−3−1 [1] model is an alternative to the standard model (SM) of the electro-weak interactions that, among other noteworthy features, presents an interesting leptonic phenomenology due to the presence of bileptons. The charged currents involving the vector bileptons V ± and U ±± allow for a number of rare processes, among them is the muonium-antimuonium(M −M ) conversion.
Another important feature of the model lies in its scalar potential. It was shown in Ref. [2] that this potential leads to a type II seesaw mechanism when we consider terms that break explicitly the lepton number. This means that the model leads naturally to small neutrino mass, as usually required by the neutrino oscillation hypothesis.
Presently, there are two sources of experimental constraints claiming an extension of the minimal model. One of them stems from the recent experimental results that corroborate the neutrino oscillation hypothesis [3, 4, 5, 6] . Although the model does not face any problem in generating small masses for neutrinos, it must be extended in order to provide the pattern of neutrino mixing required by the experiments [7] .
The other source of constraints on the model comes from the limits imposed on the M − M conversion. In Ref. [8] , it was posed that such a constraint implies a lower bound on the doubly charged vector bilepton in the minimal 3 − 3 − 1 model, M U ++ ∼ > 850 GeV, which is in clear contradiction to the predicted upper bound required by self-consistency of the model, namely, M U ++ ∼ < 600 GeV [9] . To circumvent this problem, the authors in Ref. [8] suggested a modification of the scalar sector by the inclusion of an octet. Afterwords, in Ref. [10] , a qualitative analysis was done which claimed that the minimal model can still escape from the lower bound. The author remarked that the previous analysis of M − M conversion took into account only the U ++ contribution with the charged leptons in a diagonal basis. However, in the minimal model, charged leptons come necessarily in a non-diagonal basis, and the content of the scalar sextet dispose of two additional bileptons. In view of this the author in Ref. [10] argued that the charged lepton mixing and the contribution of other scalar particles could help bringing down the upper bound on M U ++ to values around 600 GeV, keeping the model on safe grounds.
As we have two different sources of constraints implying that for the minimal 3 − 3 − 1 model to be viable it has to be extended, and both involve its leptonic sector, it seems interesting to look for extensions that could lead to the desired pattern of neutrino mixing and simultaneously get rid of the M − M bounds. This is the aim of this work, and we shall carry on this proposal dealing with the leptonic mixing.
This work is organized as follows. In section 2 we present the leptonic sector of the minimal 3 − 3 − 1 model, highlighting the aspects that are relevant to our analysis. In section 3 we compute the contribution of the scalar sector of the model to the M − M conversion, and show that it cannot evade the present bounds on U ±± mass. Based on this, in section 4, we show how it is possible to simultaneously be consistent with neutrino data and circumvent the bound imposed by the non-observation of M − M conversion setting an appropriate mixing in the leptonic sector. We also present the texture of the leptonic mass matrices that would lead to such a mixing and suggest a suitable way in which this scenario can be realized, addressing its phenomenological situation. We finally conclude in section 5.
2 Leptonic sector of the minimal 3 − 3 − 1 model
Before addressing the main point of our investigation, it is worthwhile to review how the lepton masses are generated in the minimal 3 − 3 − 1 model. The Yukawa interactions that lead to these masses are given by,
where a, b label the different families and i, j, k = 1, 2, 3 label the elements of each multiplet, with Ψ aL = (ν a , e a , e c a )
T and the sextet S, different for left-handed and right-handed fields. These diagonalization matrices combine themselves in the charged current of the model which, after the 3 − 3 − 1 breaking to the SU(3) c ⊗ U(1) EM , is given by (omitting family indices): We also note that since the right handed mixing matrix V eR enters into the charged current interactions through bileptonlepton coupling, the leptonic mixing results more complex than we would expect in simple extensions of the SM.
The mixing matrices appearing in this work are all of the Maki-NakagawaSakata (MNS) type [11] and we will be considering the simplest case of a zero CP violating phase, since this phase is irrelevant throughout our analysis. This implies that these matrices are real, and the hermitian conjugate of the matrices involved are simply their transpose. We then adopt the following parametrization for these matrices, 
where, as usual, s ij and c ij denote sines and cosines of their arguments θ ij . This parametrization will be used in section 4 when we discuss the appropriate pattern for lepton mixing which would allow us to get rid of the M − M bound, and still be consistent with neutrino physics.
The role of scalars in Muonium-Antimuonium conversion
The bound state formed by µ + e − , the muonium, was first introduced by Pontecorvo [12] , who pointed out that the transition to antimuonium, µ − e + , would be suitable for testing the particle-antiparticle mixing idea. In 1961, Feinberg and Weinberg [13] , in the spirit of Weak interactions, proposed an effective Hamiltonian of the type (V − A), that could lead to M − M conversion.
The experimental search for M − M conversion, has put an upper limit on the effective coupling,
Since the M − M conversion requires physics beyond SM, it is a suitable tool to test the minimal 3 − 3 − 1 model, where such conversion would naturally occur through scalars and vector bileptons exchange.
In the literature it is usual to consider only the role played by the doubly charged vector bilepton U ++ as a source of M −M conversion [14] , whenever a model contains such a particle, ignoring the contributions of scalar particles. This procedure was repeated in Ref. [8] where only the U ++ contribution was evaluated, assuming O U = I, resulting in the constraint M U ++ ∼ > 850 GeV. It was claimed in Ref. [10] that such a lower bound appears because of the restricted conditions assumed on the model, and when a more thorough inspection is carried out this bound could be relaxed to values around 600 GeV, escaping then of contradicting the existing upper bound M U ++ ∼ < 600 GeV [9] .
According to Ref. [10] , there are two ways of evading the contradiction between the M − M constraint and the one required by the self-consistency of the model. The first one is to consider that O U is not simply the unity matrix and, instead, take O 2). The FCNSC appears because the charged lepton mass matrix generated from the interactions in Eq. (1) is M l = Gv σ 2 + F v η . As the matrices that diagonalize M l do not diagonalize individually G and F , flavor mixing is still present in the Yukawa interaction which implies FCNSC in M − M conversion, mediated by σ 0 2 and η 0 . In Ref. [10] , it was argued that if these contributions were taken together the lower bound for M U ++ could be relaxed.
The first way out, the possibility of having O U ee O U µµ ∼ 0.7, requires a non-trivial lepton mixing with the charged lepton mass matrices being nondiagonal, and this was not considered by Ref. [10] . The problem with this possibility is that the texture of the lepton mass matrices in Eqs. (3) and (4) do not accommodate the recent results on neutrino physics in the context of minimal 3 − 3 − 1 model, and can thus be discarded.
The other possibility is to consider the contribution of the scalar content of the minimal 3 − 3 − 1 model to the M − M conversion and check whether it can, in fact, suppress the bounds put in Ref. [8] . Although there are some works in literature treating the M − M transition through scalars [15] , we are going to make explicit the analysis inside the 3 − 3 − 1 model, not only to show that these contributions are irrelevant, but to provide the set up for our solution to the inconsistency. This is done by making the simplest assumption that the required extension of the model, necessary to be in agreement with results in neutrino physics, keeps the charged lepton mass matrix in a diagonal form. In this case, the matrix in Eq. (3) is diagonal and the elements F ab in Eq. (4) are null. This implies that neutral scalars do not contribute, since they only appear in the lepton interaction with the triplet η (but now F ab = 0), and through non-diagonal elements in the interaction with the sextet S, which are null in this case (since G ab is diagonal). This (see Figure 1 ). The doubly charged vector contribution comes from the third term in Eq. (6),
and the doubly charged scalars contribution, derived from the Yukawa interaction in Eq. (1), is given by ,
where l a,b are the charged leptons with a and b running over family labels. These terms allow us to write the following low energy effective Hamiltonian for the M − M transition,
We can use the Fierz reordering and some manipulation on the scalar involving the conjugated fields (transposition or hermitian conjugation), to obtain this Hamiltonian in the same form as Eq. (8),
Although each term in Eq. (12) has a distinct helicity structure, apparently leading to contributions to M − M conversion which could differ in sign, we note that the effect on G M M appears as the sum of the square of these terms. In view of this, our task amounts to figure out what is the relative size of scalar terms compared to the vector one. However in the case of diagonal charged lepton mass matrix, the values for the couplings G aa are constrained to the value of v σ 2 , since is this VEV which fix the scale for all charged leptons. It is quite natural to assume that v σ 2 is of the order of 1 GeV, setting the scale for the heaviest lepton and avoiding huge Yukawa couplings. Then we have that,
It is also reasonable to assume that the scalar bileptons have masses around this same scale, a few hundreds of GeV. Considering this and taking the values for the scalar couplings given by Eq. (13), the bilepton coupling around g ∼ 0.1, and m U ++ ≃ 600 GeV, as required in Ref. [9] , it is clear from Eq. (12) that the scalar contributions to the effective coupling, G M M , are strongly suppressed compared to the vector bilepton. We can firmly say that scalars are irrelevant in modifying the bound imposed by M −M conversion. Hence, having worked in this simple frame, supposed to be contained in the required extension of the minimal 3 − 3 − 1 model consistent with neutrino physics, it becomes clear that it would still be necessary to insert some intricate and less appealing mechanism to simultaneously relax the bilepton bound due to M − M conversion. It is possible though that the conflict raised by M − M conversion does not actually exist. This is the case if, as remarked in Ref. [10] , the true value for the U ++ mass upper bound were around 3.5 TeV [16] instead of that one in Ref. [9] . Nevertheless, it is not clear to us whether this discrepancy between these values are due to the different assumptions over the energy scale where these masses were computed, or the particle content considered in their computations is in disagreement. Anyway, our result shows that if the conflict exists, it requires subtle changes in the structure of minimal 3 − 3 − 1 model. Fortunately, we can point another way out and try to get rid of all this intricacy by guessing that M − M conversion is not really the issue in the context of the extended model. In what follows, we are going to stick with the philosophy that, instead of relaxing the bound imposed by M −M conversion we can really eliminate it from the model using the very results of neutrino physics.
4 Could M −M conversion be absent in 3−3−1 model?
As we saw in section 3 the leptonic sector of the 3 − 3 − 1 model presents three mixing matrices O W , O V , and O U . It is opportune to observe that these mixing matrices are not completely independent of each other, since they involve products of the lepton diagonalization matrices V ν , V eL , and V eR . In the case of a diagonal charged lepton basis V eL and V eR are also diagonal, leading to a diagonal mixing matrix for the interactions among U ±± and the leptons. Hence, as we want to find a way of overcoming the M − M bound by fixing an appropriate form for the matrix O U , we must consider the leptonic sector in a non-diagonal charged lepton basis. Then, our first task is to determine the three matrices V ν , V eL and V eR . The data from neutrino physics provide certain knowledge about the mixing matrix O W . From it we can infer V ν and V eL . However we do not dispose of sufficient data to determine V eR and this gives us some room to make a key assumption in this work, namely, imposing that V eR mimics V eL . The reason behind such an assumption is that it realizes our proposal of circumventing the M − M bounds in the 3 − 3 − 1 model in a neat way, as we expose next. We then finish this section by commenting about the phenomenological status of this scenario.
Let us first determine the pattern of O W . The recent analysis of atmospheric neutrino still favors ν µ − ν τ oscillation with an almost maximal mixing 0.92 < sin 2 2θ atm ≤ 1.0 at 90 % C.L. [17] . We also have that the oscillation among ν e − ν µ is almost settled as the explanation for the solar neutrino problem. Here the recent results allow 0.25 ≤ sin 2 2θ sun ≤ 0.40 (90 % C.L.) [18] . Since the CHOOZ experiment failed to see the disappearance ofν e , we also have 0 ≤ sin 2 2θ chz < 0.1 (90 % C.L.) [19] . For our proposal, we can fix the angles θ atm (θ 23 in Eq. (7)) and θ chz ( θ 13 in Eq. (7)), which is straightforwardly done by taking the best fit for θ atm = 45
• , while θ chz = 0 • , in agreement with the above presented results. The angle involved in the solar neutrino oscillation (θ 12 ) is the one that allows for a certain range of values, and it can be kept as a free parameter in our investigation. We are left then with the so called maximal mixing pattern for O W , according to the parametrization in Eq. (7):
where we have used the short form sin θ sun = s and cos θ sun = c. A non-diagonal charged lepton mass basis means that both, V eL and V ν , are non trivial. The only way of separating Eq. (14) in these two matrices is to have maximal mixing between ν µ and ν τ coming from the charged lepton sector and the mixing in the ν e to ν µ oscillation coming from the neutrino sector. In order to disentangle the contributions of the distinct diagonalization matrices to O W given by Eq. (14), we dissociate it as:
which is the only way of doing it since otherwise we would inevitably get a large θ chz . From this matrix equation we can easily recognize the contribution from the charged lepton sector (remembering that
and the contribution from the neutrino sector,
In this way the neutrino sector gets responsible for the mixing related to the solar neutrino oscillation, and the charged lepton sector to the maximal mixing related to the atmospheric neutrino oscillation. Let us adopt also the same parametrization and notation given in Eq. (7) Since there is no information about the angles in the matrix V eR we can, for convenience, assume that the charged current mediated by V ± does not contrast with the physics experimentally established by the charged current mediated by W ± . For that reason we adopt in Eq. (19) θ 13 = 0, and θ 23 maximal. This choice accomplishes the goal of delivering the 3 − 3 − 1 model out of the M − M bound if we require that the maximal angle be negative, that is, θ 23 = −45
• . With these assumptions we get
The matrices in Eqs. (16), (17), and (20) determine the leptonic mixing in the 3 − 3 − 1 model. O W is given by Eq. (14) and the other two are
The M − M conversion is proportional to the product of O Finally, once we have the pattern of leptonic mixing, it is imperative to establish the textures of the lepton mass matrices that lead to such a pattern. With V ν , V eR and V eL given by Eqs. (16), (17) and (20), respectively, we are able to obtain the textures of the neutrino and charged lepton mass matrices through Eq. (5).
Taking
, the mixing V ν given in Eq. (17) leads to the following texture for the neutrino mass matrix:
similarly, taking M D l = diag(m e , m µ , m τ ), the mixing matrices V eL and V eR given by the respective Eqs. (16) and (20), lead to the following texture for the charged lepton mass matrix,
Extensions of the minimal 3 − 3 − 1 model that realize our proposal must recover the above texture. In order to assure the feasibility of this proposal, we present a scenario where the sextet S and the triplet η of the minimal model still couple to leptons through the Yukawa interactions, as explained in section 2, Eq. (1). However, to be able to recover Eq. (23) we need to make the following assumptions for the Yukawa couplings G and F that appear in Eq. (1): G i =j = 0, G 22 = −G 33 , and F 12 = F 13 = 0. Besides, we suggest that neutrinos do not gain their masses through their Yukawa interactions (we come to neutrino mass next), which means that the neutral scalar σ 
which has the desired texture of Eq. (23).
In what concerns the neutrino mass matrix, the simplest way of generating the texture in Eq. (22) is to consider that there is some underlying theory which provides the low energy effective five dimensional operator,
where f ab is symmetric in the indexes a and b. Taking f 13 = f 23 = 0, we get the following texture for the neutrino mass matrix,
which has the texture given by Eq. (22). Through this operator the smallness of the neutrino mass is due to the large value of the parameter Λ associated with the underlying theory at higher energies. If this scale is around 10 14 GeV (scale commonly related to GUT theories), a value of v η ≃ 100 GeV would easily provide neutrino mass at the eV scale.
This scenario has some features potentially restrictive for the model, since not only rare decays are possible but also the coupling of the doubly charged vector bilepton to fermions is maximal (equal to g/ √ 2) in some cases (see Eq. (21)), leading to possibly serious constraints on its mass. For this reason we discuss now the possible phenomenological constraints on the proposed extension to the minimal model.
The phenomenology of vector bileptons is well studied in Ref. [15] , and here we just update the main results relevant for this work. First, the rare decay involving the doubly charged vector bilepton, from the form of O U in Eq. (21), is the one which mixes the muon and tau, τ
This decay roughly gives (assuming g ∼ 0.1 as for the analysis of M − M ) M U ++ ∼ > 0.16 TeV, representing no threat to the model consistency. Because O U ee = 1 we can also have contributions to the Bhabha scattering. However, in the realm of the 3 − 3 − 1 model we have to consider the contribution of the Z ′ as well. The contributions of U ++ and the Z ′ have negative interference terms that blurres the possible effects of the bilepton, implying that no limits on its mass can be extracted from the experimental data. Finally, another possible source of constraint on U ++ mass would be the anomalous magnetic moment of the muon, (g − 2) µ . However, due to the uncertainties related to the hadronic contribution, the deviation from the SM prediction is not enough to put any severe constraint on the vector bilepton mass. In this sense, the bound imposed by consistency of the model remains valid in our suggested scenario.
Concluding Remarks
In this work we evaluated, inside the minimal 3 − 3 − 1 model, the scalar and vector bileptons contributions to the M − M conversion. We obtained that, even in a optimistic scenario, the contributions of the scalar bileptons are irrelevant in comparison to the contribution of the vector bilepton U ++ . This corroborate the result of Ref. [8] . In view of this we focused on the possibility of the leptonic mixing to help finding a way out to avoid the M −M bound on M U ++ . By assuming that right-handed and left-handed charged leptons both present maximal mixing, we arrived at a pattern of leptonic mixing which accommodates the recent experimental result in neutrino physics and eliminates the contribution of the bileptons to the M − M conversion. Of course we have no knowledge of the actual values for the angles in the right-handed charged lepton mixing matrix, but the specific choice we made represents a possible conciliation of minimal 3 − 3 − 1 model with both, neutrino physics and the bound posed by M − M conversion.
For completeness we presented the texture for neutrino and charged lepton mass matrices in accordance with the pattern of leptonic mixing used in solving the M −M problem. It serves as a sort of guide to build extensions of the model capable of recovering our pattern of mixing. Finally we suggested a simple scenario that could realize our proposal. It is suitable to remark that the inconsistency raised by the M − M bound in 3 − 3 − 1 model may be pointing the need of considering charged leptons in a non-diagonal basis.
